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Abstract. In the limit of infinite external magnetic field B the static field of an 
electric charge is squeezed into a string parallel to B. Near the charge the potential 
grows like |a'3|(ln \x^ \ + const) with the coordinate xz along the string. The energy 
of the string breaking is finite and very close to the effective photon mass. 

It is known that the attraction force between two colored charges, when cal- 
culated using the Wilson loop method on a lattice, is concentrated in a string 
with its width being of the order of the lattice spacing I. The string potential 
consists of three additive components: (i) the Coulomb term 1/R that domi- 
nates at small distance R from the charge, (ii) a constant term, corresponding 
to the infinite mass renormalization (recall that I is the ultraviolet cutoff pa- 
rameter in the lattice theory), turns to infinity as I /I, when I is taken close to 
zero, (iii) the term linearly growing with R corresponding to a constant string 
tension and providing the confinement according to the Wilson area criterion 
(see, e.g., [1]). 

We show that in quantum electrodynamics with external magnetic field B the 
Coulomb potential of a point-like static charge, when corrected by the vacuum 
polarization, acquires a similar string-like form in the infinite-magnetic-field 
limit, the electron Larmour radius Lb = W eB)~ x = (1/mVb) — ► playing, in 
a way, the same role as the spacing I does in the lattice theory. Here b stands 
for the magnetic field, b — B/Bq, measured in the units of Bo = m 2 /e = 
4.4 x 10 13 G, e and m are electron charge and mass, resp. 

Electric potential Aq of a point charge q when calculated as a sum of chains 
of electron-positron loops in a magnetic field B, so strong that the Larmour 
radius is much smaller than the electron Compton length, Lb <C m" 1 (this 
implies B ^>> Bq), is represented as a sum 

Aq(x) = A.r.(x) + A Lr .(x). (f) 

The analytic expressions for these functions are given in [2,3]. The argument 
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x here is the radius- vector with its origin in the charge, its components across 
and along the magnetic field being x = (xj_, X3). 
The function A a . T . (x) has the exact scaling property 

A s ,(x) = (2) 

where the dimcnsionlcss function A contains the magnetic field through its 
argument x = xLg 1 only . The function A s . r .(x) is short-range: for distances 
from the charge, large in the Larmour scale, ^> Lb, or \x±\ » Lb, it 
reduces to the Yukawa law 



q cxp{- y/xj+xj} _ q cxp{- (2ab/^ m|x|} 

where a = e 2 /47r = 1/137. This equation reflects the Debye screening of the 
charge by the polarized vacuum. The effective photon mass (inverse Debye 
radius) in (3) M = {2a /it) 1 / 2 Lg 1 tends to infinity together with the magnetic 
field. The "photon mass M " in the dimensionless function A(3t) is finite, 
M = (2a /71-) 1 / 2 , and corresponds to the topological photon mass in the two- 
dimensional massless electrodynamics of Schwinger [4] . Anisotropic corrections 
to (3) were pointed in [5] . 

The second term in (1) is long-range: it slowly decreases at the distances 
of the order of the Compton length mT 1 and larger, following the anisotropic 
Coulomb law 

It represents the whole potential A (x) (1) there, since A s . r .(x) is already negli- 
gible at such distances. This potential decreases with the growth of perpendic- 
ular distance x± from the charge faster than along the field. The cquipotential 
surface is an ellipsoid (x'j_) 2 + x\ = const, which contracts to a string in the 
limit b = 00. The family of electric lines of force, parameterized by the angle 
<j), is for each value of the magnetic field given as X3 = (x±)P tan0 (see Fig. 
1). All of them gather together inside a string passing through the charge and 
directed along the external magnetic field. 

The short-range part of the potential has the following asymptotic expansion 
near the point X3 = 2;^ = 0, where the charge is located, 

A, r .(x) - Ifi- 2mC s . r . + o(xl) + o(xl)j . (5) 



For large magnetic fields b » 2iT/a ~ 10 3 we have 2mC s . r . ~ 0.9595 L B 1 y / 2a/7r. 
It is infinite for Lb = or b = 00, as stated at the beginning. The corresponding 
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Figure 1: Lines of force of electric field coming from a point charge, 

(a) No magnetic field, 5=0, (b) B = W A B 



constant in the expansion of A(5t) is finite: 2C = 0.9595 ^/2apK. The constant 
0.9595 is calculated using the experimental value of a. For a — it turns into 
unity. The growth of C s . r . with the magnetic field following the square root law 
provides the narrowing of the potential and, in the end, the finiteness of the 
ground state energy of a hydrogen-like atom in infinite magnetic field (see [2,3] 
and also the discussion [6]). In the limit b = oo the short-range part of the 
potential becomes the Dirac <5-function: 

A,.(0,x)\ b=oo = 2.178 ±5(x). (6) 

The behavior of the long-range part A\, T ,(xs,x± = 0) at the string x±_ = is 
shown in Fig. 2. (See [3] for analytical equations). The limiting form of this 
function at Lb = is finite. It decreases in agreement with Eq. (4) at large 
distances, and has the following behavior near the charge, \x 3 \ -C m _1 , 



^l.r.(^3,0)| b=oo ~ A.r.(0,0)| 6=c 

(l - ^/(«)) 2mM ln(2mN) ~ \ ln2 + ^ " 1 



(7) 



where 7 = 0.577 is the Euler constant and the coefficient / depends on the fine 
structure constant, / (a — 1/137.036) = 4.533. It is nonanalytic in a : 
/( a )l a -»o — — ma - We see that the growth is not linear. It provides "con- 
finement" within the Compton distances, where the approximation (7) is valid. 
The first constant term in (7) is defined by an integral depending on the fine 
structure constant. If calculated with its experimental value, a = 1/137.036, 
it makes A\, T ,(0, 0)| 6=oc = 1.4152(gm/27r). The numerical coefficient here is 
rather close to \/2 = 1.4142. Bearing in mind that Ai. r .(oo, 0)| 6=oo = we note 
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Figure 2: Energy — eAi, T ,(x3, 0) of the electron 
point charge q = eZ for b = 10 6 , 10 5 , 3 X 10 4 , 
dashed thick line corresponds to the limit b 



in the long-range part of the potential of the 
10 4 (dashed lines from bottom to top). The 
= oo and represents the string potential. 



that Ai. r .(0, 0)| h=oo is the increment of the long-range part of the potential along 
the string between the point where the charge is located and the infinitely re- 
mote point, i.e. is equal to the work needed for removing a unit test charge to 
infinity. It may be referred to as the energy of the string breaking. It is remark- 
able that this quantity is finite. If we set q = e, we find that the energy density 
of breaking of a string associated with the electron is with surprising accuracy 
equal to the dimensionless photon mass : Ai. r .(0, 0)| b=oo /m = 1.0007 M. The 
coincidence would be exact for the value of the fine-structure constant equal 
to 1/121. By postulating this coincidence physical principle we may 

obtain an approach for calculating a, to which end an approximation, better 
than one-loop approximation referred to here, would be needed. 

Formation of a string in QED discussed in the present paper is not com- 
pletely unexpected, since it was noted [1] that the Abelian theory does have 
a topologically nontrivial two-dimensional sector (described by a nonlinear a- 
model). 
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